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POINCARE DUALITY OF WONDERFUL COMPACTIFICATIONS AND 

TAUTOLOGICAL RINGS 

DAN PETERSEN 


Abstract. Let g > 2. Let be the moduli space of n-pointed genus g curves with 

rational tails. Let be the n-fold fibered power of the universal curve over Mg. We prove 
that the tautological ring of has Poincare duality if and only if the same holds for 

the tautological ring of C". We also obtain a presentation of the tautological ring of Mg*^ 
as an algebra over the tautological ring of Cg. This proves a conjecture of Tavakol. Our 
results are valid in the more general setting of wonderful compactifications. 


1. INTRODUCTION 

Let g > 2, and let Mg be the moduli space of smooth curves of genus g. Let Cg —>■ Mg 
be the universal curve, and let C^ be its n-fold fibered power. We denote by R*{Cg) the 
tautological ring of Cg, which is a subalgebra of its rational Chow ring A*(Cg) generated 
by certain geom etrically natural classes. The tautological ring was introduced by Mumford 
[Mumford ll983j and has been intensely studied since then , in particular b ecause of the series 
of conjectures known as the Faber conjectures [Faber [l999l : Pa ndhar ipande 20^ and because 
of the role it plays in Gromov-Witten theory. By [Looiienga ll995l : Faber 1997l |. it is known 
that i?®“^+"'(Cg) = Q and R^{Qg) = 0 for k > g — 2 + n. One part of the Faber conjectures 
asserts that ii*(Cg) is a Poincare duality algebra with socle in degree g — 2 + n', that is, that 
the cup-product pairing into the top degree is perfect. 

One can also consider the space of u-pointed curves of genus g with rational tails, Mg*„. The 
space Mg‘„ is defined as the preimage of Mg under the forgetful map Mg^„ ^ Mg between 
Deligne-Mumford compactifications. It, too, has a tautological ring, and according to the 
Faber conjectures i?*(Mg*„) is also a Poincare duality algebra with socle in degree g — 2-\-n. 
It is bel ieved among experts that these two conjectures ‘should’ be equivalent. For example, 
[Pixton r2ni.‘lL Appendix A] writes: 

“Also, instead of doing computations in Mg*„ we work with , the nth power 
of the universal curve over Mg. The tautological rings of these two spaces are 
very closely related, and it seems likely that the Gorenstein discrepancies are 
always equal in these two cases.” 

However, I am not aware of any precise result along these lines in the literature. The goal 
of this note is to prove an explicit relationship between the two tautological rings, which in 
particular implies that i?*(Mg*„) will have Poincare duality if and only the same is true for 
R*{Qg) fTheorem l2.7l) . In fact, our results give an expression for the Gorenstein discrepancies 

The author is supported by the Danish National Research Foundation through the Centre for Symmetry 
and Deformation (DNRF92). 


1 













2 


DAN PETERSEN 


of in terms of those of for 1 < m < n. We also deduce a presentation of 

as an algebra over i?*(Cg) lProposition l2.1lT) from known results on the Chow rings 
of Fulton-MacPherson compactifications. This proves a conjecture of Tavakol. 

We remark that it is likely that does not have Poincare duality in general. Coun¬ 

terexamples to the analogo us con jectures fo r the spaces and have been constructed 


in [Petersen and Tommasi 12014 : Petersen 2013j . The conjecture that Pixton’s extension of 
the Faber-Zagier relations give rise to all relations in the tautol ogical rings would imply that 
fails to have Poinc are duality in general [Pixton [2013t Pandharipande, Pixton, and 
Zvonkine l2015t Janda 2013l |: as would Yin’s conjecture that all relations on the symmetric 
power should arise from motivic relations on the universal jacobian [Yin 12014 1. See also 
the discussion in [Faber [2013 1. 


What we prove is a general result about intersection rings of wonderful compactifications [Li 
l2009bl [. Let Y be a smooth variety, and G a collection of subvarieties of Y which form a 
building set (see Subsection 1^ . The wonderful compactification Yq is obtained from Y 
by a sequence of blow-ups in smooth centers, given by intersections of the elements of G. 
Our motivation for considering these is that if we take Y = Gg and G the collection of all 
diagonal loci, then Yq = perhaps worth pointing out that in this particular 

case — where Y is given by an n-fold cartesian power, and G consists of all diagonals — 
the wonderf ul com pactification reduces to the compactification introduced in [Fulton and 
MacPherson [ 1993 . 


By a result of [Li l2009a |, the Chow ring of Yq can be expressed in a combinatorial fashion in 
terms of the Chow rings of Y and the Chow rings of certain intersections of elements of G, 
which we call burrows, see Theorem 12.131 An identical formula works also for the respective 
cohomology rings. Suppose now that Y is also compact. Then the cohomology rings of Y 
and all burrows will have Poincare duality, and so will the cohomology ring of Yq (as all these 
spaces are smooth and compact). One might therefore guess that Poincare duality of H*{Yq) 
can be deduced purely combinatorially from Poincare duality for Y and for the burrows. This 
turns out to be true, and quite easy to prove (independently of Li’s result mentioned in the 
first sentence of this paragraph): the inductive structure of the wonderful compactification 
implies that one only needs to check that Poincare duality is preserved under two ‘basic’ 
operations, where we either blow up in a single smooth center or form a projective bundle. In 
particular, the same phenomenon — that Poincare duality for Y and for all burrows implies 
Poincare duality of Yq — will work equally well on the level of Chow rings, and for not 
necessarily compact Y. Moreover, as will be crucial for us, the argument works identically 
for the tautological rings. 


2. Poincare duality and wonderful compactifications 


2.1. Wonderful compactifications. We refer to the papers [Li l2009bl: Li 2009aj for precise 
definitions of wonderful compactification, building set and nest, as well as for proofs of the 
below assertions. Instead we state only as much as is needed for the logic of the proof. 


Let Y be a smooth variety. Let G be a building set in Y. This means that G is a collection 
of closed subvarieties of Y satisfying certain conditions regarding the combinatorics of how 
the varieties in G may intersect each other. These conditions state in particular that any 
nonempty intersection of elements of G is smooth. We call such intersections burrows. This 
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terminology does not appear in Li’s work; it is motivated by the fact that a burrow is the 
intersection of the elements of a nest In particular, Y itself is a burrow, corresponding to 
the empty intersection. 

The wonderful compactification Yq is obtained from Y by an iterative procedure as follows: 
let X be an element of minimal dimensioii^ in G, and let = BlxY. There is an induced 
building set in Y^^'> which consists of the strict transforms of all elements of G. We define 
(by induction) Yq = Yq(i) ■ The reason this makes sense as an inductive definition is that 
eventually we obtain a variety with a building set all of whose elements are Cartier 
divisors, after which all further blow-ups are canonically isomorphisms and Yq = Every 

burrow for the building set G*-^^ is obtained from a burrow for G either as a blow-up in a 
smaller burrow, or as a projective bundle of some rank. More precisely, if {Za}aeA is the set 
of burrows for G, then the set of burrows for G*^^^ is given by 

{Za}aeAtl {Ex Cl Za} aGA , 

(D^z^nx^x 

where Ex denotes the exceptional divisor and ~ denotes the dominant transform. Recall that 
the dominant transform coincides with the strict transform except for varieties contained in 
the center of the blow-up, in which case the strict transform is empty and the dominant 
transform is the preimage of the subvariety. 

The wonderful compactification Yq is again smooth, containing Y° = Y \ (JxeG ^ 
complement of a strict normal crossing divisor. If Y is compact, then Yq is a compactification 
of Y°, which explains the awkward terminology (specifically, that a ‘wonderful compactifi¬ 
cation’ is not necessarily compact). In practice one often starts with the space Y° and one 
wishes to compactify it so that i ts com plement is a normal crossing divisor, which is useful e.g. 
in mixed Hodge theory [Deligne ll97lj . By Hironaka’s theorem such a compactification always 
exists, but the advantage of Yq is its explicit description and combinatorial structure. The 
irreducible components of the normal crossing divisor correspond bijectively to the elements 
of G. 

Remark 2.1. Here are some examples of wonderful compactifications. 

(1) Let X be a smooth variety, and Y = X" its n-fold cartesian power. For every subset 
I C [n] we have a diagonal 

Di = {(xi,.. .,Xn) & Y : Xi = Xj for i,j € I}. 

The collection of all diagonals Ej with |/| > 2 form a building set, and the cor¬ 
responding wonderful co mpac tification is the Fulton-MacPherson compactification 
[Fulton and MacPherson of Y° = E(X, n), the configuration space of n distinct 
ordered points on X. 

(2) As remarked in Fulton and MacPherson’s original paper, their construction makes 
sense just as well for a smooth family of algebraic varieties X ^ S over a smooth 
base, and the collection of diagonals in the n-fold fibered power of X over S. In 
particular, we can consider the universal family Cg -A Mg over the moduli space of 
curves of genus g and its n-fold fibered power C”. For I C [n] we have the diagonals 
Dj = {{G-,xi,... ,Xn) € Cg ■ Xi = Xj for i,j G 1} which form a building set (this 
time we can even take j/j > 3 if we wish, since the diagonals with j Jj = 2 are already 
Cartier divisors). The resulting wonderful compactification is exactly 

^As explained by Li, there are other possible orders in which one can perform the blow-ups, but this one 
will suffice for our purposes. 







4 


DAN PETERSEN 


(3) In the previous examples, we can instead consider polydiagonals, i.e. arbitrary inter¬ 
sections of diagonals. These also form a building se t, and the corresponding wonderful 
compactification was first introduced by [Ulyanov l2002j . 

(4) Let y be a complex vector space, and suppose that the building set G is a collection 
of subspaces. In this case, Yq is the w onder ful model of the subspace arrangement, 
introduced by [De Concini and Procesi [19951 ]. 

(5) Let y = P", and choose n -I- 2 points in general position on Y. Let G be the 

collection of all projective subspaces spanned by t hese p oints. This is a building set, 
and Yg = by a construction of [Kapranov Il993l [ . 

(6) Let y = (P^)”, and take G to be the set of all diagonals Dj, as well as all subsets of 
the form 

Dpp = {(xi, ... ,x„) G y : Xi = p for i G 1} 
for p G {0,1, oo}. In this example, too, Yq = Mo,n-i-3 [Keel h 9921 . 

2.2. Preservation of Poincare duality. In this section we shall consider operations on 
algebraic varieties which preserve the property of having a Chow ring with Poincare duality. 
This property may seem a bit unnatural, except in the very special case of a smooth compact 
variety whose Chow ring maps isomorphically onto the cohomology ring (e.g. one with an 
algebraic cell decomposition). Nevertheless we can of course study it. Later we will observe 
that all propositions below remain valid if the Chow rings are replaced with tautological rings, 
in the cases we are interested in. 

Proposition 2.2. Let Y be a smooth variety and i: Z ^ Y a smooth closed subvariety 
of codimension c. Suppose that A^{Y) = = Q for some integer d, and that both 

intersection rings vanish above these degrees, and that 0 ^ [Z] G A*(Y). The following are 
equivalent: 

(1) A*(Bl^y) has Poincare duality. 

(2) A*(Y) and A*(Z) both have Poincare duality. 


Proof. Under the hypotheses, we have 

c-l 

(*) A\B\zY)^ A\Y)®^A^-'^{Z) ■ E'^ 


k=l 


where E stands for the class of the exceptional divisor. The ring structure is given by the 
rules 

a-E = i*(a) -E 

for a G A*{Y), and 

c-l 

a . = {-iyi^{a) + Y^i-lfac, • 

i=l 

for a G A*{Z), where Ci G A'^{Z) is the ith Chern class of the normal bundle Nzcy- It follows 
easily that the intersection matrix describing the pairing 

A^BlzY) Z) A‘^-yB\zY) -y A^^^BlzY) = Q 

becomes block upper triangular when the summands in Q are ordered as 

in degree i, and ordered as 

1,E‘^-\E^-^,...,E 
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in degree d — i. Explicitly, the matrix will take the form 


* 

0 

0 

0 ■ 

• o' 

0 

* 

* 

* 


0 

0 

* 

* 


0 

0 

0 

* 


_0 

0 

0 

0 ■ 



where each * denotes a block of the matrix. Now the first diagonal block is given by the 
intersection pairing A'‘{Y) (g) A‘^~'^{Y) —>■ A‘^{Y) = Q, and the remaining are given (up to a 
scalar) by the pairings A^-’^iZ) (g ^ A’^-^{Z) ^ Q for fc = 1,..., c - 1. Thus 

if A’(BlzY) has Poincare duality, i.e. if this matrix is invertible for all i, then A*{Y) and 
A*{Z) must also have Poincare duality. 

Assume conversely that A*{Y) and A*{Z) have Poincare duality. This is nearly enough to 
conclude that the matrix above is invertible, except if A: A‘^~‘^{Z) —>■ A^{Y) vanishes, in 
which case all but the first diagonal block will be zero. But since we supposed in addition 
that \Z] 7 ^ 0, then since A*{Y) has Poincare duality, there is a class a G A‘^~'^(Y) with 
alZ] 7 ^ 0. Then 7 ^ 0, so we are done. □ 

Proposition 2.3. Let Y be a smooth variety and let E ^Y be a rank r vector bundle. Then 
A*(Y) has Poincare duality (with socle in degree d) if and only if A*(P(E)) has Poincare 
duality (with socle in degree d + r — 1). 


Proof. The proof is analogous to the previous one, but simpler, using the projective bundle 
formula. □ 


An analogous statement can be proven for a wonderful compactification by iterating the 
previous two propositions. 

Proposition 2.4. Let Y be a smooth variety. Let G be a building set in Y. Suppose that there 
exists an integer d such that for every burrow Z CY (including Z = Y), ^ q 

and A*(Z) vanishes above this degree, and [Z] ^ 0 in A*(Y). Assume also that all restriction 
maps A*{Y) —>■ A*(Z) are surjective (equivalently, the restriction map for any pair of burrows 
is surjective). Then the following are equivalent: 

(1) A*(Yc) has Poincare duality. 

(2) For every burrow Z, A*{Z) has Poincare duality. 


Proof. Let Y^^'^ be the variety obtained by blowing up an element X G G oi minimal dimen¬ 
sion, as described in Section O 

We first argue that if Z^^'> is a burrow in Y^^\ then A*{Z^^'>) is surjective. Note 

that is generated as an algebra over A*{Y) by the class of the exceptional divisor, 

and that A*{Z^^'>) is generated over A*(Z) by the class of the exceptional divisor (if Z^^'> is a 
blow-up of a burrow Z) or the hyperplane class (if Z^^'^ is a projective bundle over a burrow 
Z). In either case, surjectivity then follows from the fact that A*(Y) A*{Z) is surjective, 

since the class of the exceptional divisor in Y^^'^ maps to the class of the exceptional divisor 
or hyperplane class, respectively. 
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We now argue that 7 ^ 0 in If Z^^'> is a blow-up of a burrow Z, then [Z^^^] 

maps to [Z] under proper pushforward, so [Z^^'^] ^ 0. If Z^^^ is the inverse image of a burrow 
Z contained in X, th en we may argue as follows. If tt: —)• F is the blow-up, then by the 

‘key formula’ [Fulton [l998L Proposition 6.7(a)], tt*[Z] = j*{ctop{E)), where j: Z^^'> — >• 
is the inclusion and Ctop{E) is the top Chern class of the excess bundle. If c denotes a 
class in A’{Y^^'>) whose restriction to A’{Z^^'>) is Ctop(7?), then by the projection formula 
we have t^*[Z\ = j*(l) • c = [Z^^^] ■ c. Since tt* is injective we must have [Z^^'^] ^ 0. The 
same argument works also if Z^^'^ = Ex Ci Z for Z not contained in X, using instead that 
'K*\X Z]= j*(ctop(Q)) where Q is the excess normal bundle oi Z ^ Z. 

So let us assume that A*{Z) has Poincare duality for all burrows Z. As every burrow in 
is either a projective bundle over a burrow in P or a blow-up of one in a smaller burrow, and 
all classes [Z] are nonzero, all burrows in Y^^'> will have Poincare duality by Propositions 12.21 
and 12.31 Since we have just verified that the hypothesis of the theorem are verified at each 
step of the construction, we are done by induction. □ 

Propositions 12.2112.31 and |2.4l remain valid with identical proof also for cohomology rings. We 
could also consider certain subalgebras of the Chow or cohomology rings, which is necessary 
for the applications to tautological classes that we will consider. Let us state this as a separate 
proposition: 

Proposition 2.5. Let Y be a smooth variety. Let G be a building set in Y. Suppose that for 
every burrow Z GY we have a subalgebra R*{Z) C A*(Z) eontaining the Chern classes of all 
normal bundles, such that the collection {R*{Z)} is closed under pullback and pushforwards. 
Define R*{Yg) as the algebra over R*{Y) generated by all divisor classes Ex- Suppose that 
there exists an integer d such that for every burrow Z, ^ pi*(^z) 

vanishes above this degree. Assume also that [Z\ ^ Q in R*{Y) and that all restriction maps 
R*{Y) —^ R*{Z) are surjective. The following are equivalent: 

(1) R*(Yg) has Poincare duality. 

(2) For every burrow Z, R*{Z) has Poincare duality. 

Proof. The proof is identical to that of Proposition 12.41 □ 

Remark 2 .6. The algebra R'iYc) could also have been described as the span of all elements 
of the form 

a ■ Exi ■ ■ ■ Exk 

with a S R*{Xi n ... fl Xk). (It is not hard to see that this is well defined and that R*{Yc) 
is an algebra.) The equivalence of the two definitions is valid under the assumption that all 
restriction maps R*{Y) —>■ R*{Z) are surjective. 

Theorem 2.7. Fix g >2 and n > 1. The following are equivalent: 

(1) The tautological ring i?*(Mg*„) has Poincare duality. 

(2) The tautological rings R*{G'^) have Poincare duality for all m = 1,... ,n. 

(3) The tautological ring R*(Cg) has Poincare duality. 

Proof. Let us first dicuss the equivalence of (1) and (2). Apply Proposition 12.51 with Y = Gg 
and G the set of diagonals. Then Yq = Each burrow Z is an intersection of diagonals, 

so it is isomorphic to some C™ and we can let R*{Z) be its usual tautological ring. Then 
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R*{Yg) (defin ed as in Pro positi on 12.511 coincides with the usual tautological ring 
By [Looiienga ll995l : Faber Il9^ . = Q, and the tautological ring vanishes above 

this degree. For each burrow Z, the restriction of the class [Z] to any fiber of the map 
Gg —>■ Mg is nonzero. The inclusion C™ = Z ^ Gg has a left inverse given by forgetting 
(n — m) of the marked points, which implies that the restriction maps are all surjective. Thus 
the previous proposition applies, and we conclude that (1) and (2) are equivalent. 


We need to argue that (3) implies (2). So assume that fails to have Poincare duality 

for some 1 < m < n. Then there exists 0 a G which pairs to zero with everything 

in complementary degree. Let tt: Cg —>■ 6™ be the forgetful map. By the projection formula, 
7r*(a) pairs to zero with everything in complementary degree, and the map tt* is injective on 
Chow groups. Thus i?*(Cg) fails to have Poincare duality, too. □ 


Remark 2.8. Propositio n 12.51 g eneralizes and simpl ifies sev eral results of Tava kol [Tav akol 
l2flllL Se ction 5], [Tavakol l2014(j . Section 4], [Tavakol l2014b . Section 8[, [Tavakol l2014a | and 
[Tavakol l201lj . Roughly, Tavakol has in all cases proved statements of the following form: for 
certain algebraic curves X, the intersection matrix describing the pairing into the top degree 
in a tautological ring of a Fulton-MacPherson compactification X\n] (or a similar space) is 
block triangular, with diagonal blocks expressed in terms of pairings in the tautological ring 
of X™, m < n. Tavakol’s proofs have used certain filtrations of the tautological rings, and 
explicit bases for the tautological rings given by ‘standard monomials’. 


2.3. i?*(Mg‘„) as an algebra over i?*(Cg). Suppose that X —)• S' is a family of smooth 
varieties of relative dimension m over a smooth base. Let Y = X" be the nth fibered power 
over S, and let G be the building set given by the diagonal loci. In this case, the wonderful 
compactification Yq coincid es wit h the Fulton-MacPherson compactification X[n] introduced 
in [Fulton and MacPherson Il994 1. 


Let i: Z ^ F be a closed smooth subvariety of a smooth variety. We define a Chern 
polynomial for F C F to be a polynomial PzcY(t) G Gl*(F)[t] of the form 

-\- C\t^ ^ Cd 

where d = codim Z, Ci is a class in A'‘{Y) whose restriction to JY(Z') is the ith Chern class of 
the normal bundle Nzc.y, and Cd = \Z]. If the restriction map A*{Y) —> A*(Z) is surjective 
then a Chern polynomial always exists, and in this case one can moreover simplify the blow-up 
formula in Equation Q: we have 

A'{B\zY) = A'(Y)[E]/{PzcYi-E), Jzcy ■ E), 

where Jzcy denotes the kernel of A'{Y) —> A*{Z). 


For every S C {1,..., n}, define 


Ds = {{xi, ... ,x„) G X"- : Xi= Xj if i,j G S} 


and let Js = ker(R*(X"') —>■ A*{Ds)). For any i,j G {!,...,n} let Pij{t) G 
the Chern polynomial of D^i jy ^ X". The follow ing pr esentation of A*{X\n]) 
over R*(X") is given in [Fulton and MacPh erson 1994 Theorem 6[, although 
proof contained a minor gap [Petersen I2fll5l [ . 


R*(X”)[t[ be 
as an algebra 
their original 


Theorem 2.9 (Fulton-MacPherson). There is an isomorphism 

A*{X[n]) = A* {X'^)[{Es}]/relations, 
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in which there is a generator Es for every S C {1,... ,n} with [S'! > 2, and the relations are 
given hy 

(1) Es ■ Et = 0 unless SnT € {ll),S,T}, 

(2) Js-Es = 0, 

(3) For any distinct i,j e Pi,j{-J2{z,j}cs ^s) = 0. 

Remark 2.10. One can give alternative presentations which are less economical but some¬ 
times more practical. Suppose that {Si,...^Sk} are disjoint subsets of n} with 

l^il > 2, and that 5^ C T for i = 1,..., fc. Let W = If fc = 0 then we set 

W = X^. Then there is a relation 

k 

PdtCw{- ^ Es) ■ = 0- 

TCS i=l 

This follows from the fact that Pdt(zw{—J2tcs vanishes in A'{^\s)^W). The third 
class of relations in Theorem 12.91 is recovered when fc = 0 and |r| = 2. 

Theorem l2.9l also gives a presentation of as an algebra over i?*(Cp. To fix notation, 

let Ds (as above) denote the diagonal loci in and denote by the same symbol their 
classes in Let K G A^{Cg) be the first Chern class of the relative dualizing sheaf of 

tt: Cg —>■ Mg, and let Ki G A^{Gg) be the pullback of K from the ith factor. Thus R*{Gg) is 
generated by the classes Dij, Ki and the K-classes. (The K-classes are pulled back from Mg, 
where they are defined as Kd = 7r*iG'^+^.) 

Proposition 2.11. There is an isomorphism 

i?*(M^‘J - R-{e^g)[{Es}]/relations, 

in which there is a generator Es for every S C {1,..., n} with [S'! >3, and the relations are 
given by 

(1) Es ■ Et = 0 unless SnT G {9,5,T}, 

(2) A, ■Es = 0foriGS,ji S, 

(3) iD,g+Kg)-Es = Ofori,jGS, 

(4) For any distinct i,j G {1,... ,n}, J2{i,j}cs = 0. 

Proof. Theorem l2. 91 gives a presentation of yl*(Mg*„) over A*{Gg). The subalgebra generated 
over R*(Gg) by the exceptional divisors Es is exactly ii*(Mg*„), and so we can read off a 
presentation for the tautological ring of Mg‘„ from the theorem. 

Observe first that when S = {i,j}, we have Es = Ds- Thus we can take the Es with jS”! > 3 
as generators. From the first relation in Theorem 12.91 we see that we then need to impose 
the additional relation Dij ■ Es = 0 for z G 5, j ^ S. 

To determine the ideals Js, observe firstly that the restriction map 

R-{G^g)^R-{Ds) 

has a section. Indeed, the inclusion Ds ^ Gg admits a left inverse given by forgetting all but 
one of the elements of S, say s G S', the section is given by pullback along this left inverse. 
The image of this section is the algebra generated by the K-classes and those Dij and Ki with 
i,j i S'\ {s}. 
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Modulo the ideal Js we have the obvious relations Ki — Kj = 0 and Dik — Djk = 0, where 
i,j € S and k ^ S. Moreover, the self-intersection formula implies that = —KjDij, so 
that Dij + Kj = 0 modulo Js when i,j G S. Modulo these relations every element of R*{Gg) 
is in the image of the section; that is, these relations can be used to reduce any polynomial 
in the Ki and Dij to one in which none of the indices in 5" \ {s} appear. Thus these relations 
generate Js and we can replace the relation Js ■ Es = 0 with the third relation in our list, 
viz. {Dij + Kj) ■ Es = 0 for i,j G S. Notice that the relation {Dik — Djk) ■ Es = 0 for i,jGS 
and fc ^ S' is not needed since it follows from the second relation in our list, and the relation 
{Ki — Kj) ■ Es = 0 is not needed since {Dij — Kj) — {Dij — Ki) = {Ki — Kj). 


Finally, the Chern polynomial is given by Pij{t) =t + Dij. Keeping in mind that Eij = Dij, 
the final relation follows. □ 


Remark 2.12. A slightly less economical presentation ca n be o btained as in Remark |2. 101 
In this form. Proposition 12. Ill was conjectured in [Tavakol [2014a |. 


One can also give an additive description of in terms of i?*(C™), m < n. More 

genera lly, for any wonderful compactification, the Chow groups of Yq were calculated in [Li 
l2009al| . 


Let G be a building set, and suppose that N C G is a nest. A function /i: N —>■ Z>o is called 
standard if for all X G we have 


n{X) < codim(X) — codim 


■ 


Z£N 

CZ 


\x 


For such a function, we denote ||/r|| = m(^)- 


The following theorem specializes in particular to give a direct sum decomposition of 
whose summands correspond to tautological rings of C™, m < n, with a degree shift. One 
can for instance express the Gorenstein discrepancies of in terms of those for C™ for 

m < n. We omit the details, as the procedure should be clear by now. 

Theorem 2.13 (Li). Let Y be a smooth variety, G be a building set on Y. Then 

N M AeA 

Here the first summation runs over all nests N G G, and the second over all standard func¬ 
tions ^: A —>• Z>o. 


Note that the summation includes in particular the empty nest A = 0, corresponding to the 
single summand A*{Y). 

To make sense of the ring structure on the right hand side of this isomorphism, let us define 
a map from the right hand side to the left hand side. Given a nest A, a standard function fi 
and an element a G A), the element 

„. n e;'-"’ 

XGN 

is well defined in A*{Yc). To see that this map is surjective one uses relations analogous to 
those in Remark |2.10l Specifically, suppose that A is a nest and A G A. Let Zi,... ,Zk be 
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the minimal elements of {Z £ N : X C Z}, and let W = nf=i ^i- Then 

k 

{**) Pxcw{-Y.^s)-l[z,=0. 

sex i=l 


In general a monomial can only be nonzero if the set {X : fi{X) > 0} is a nest, 

and successive applications of the relation (1*^ will reduce any such monomial to a linear 
combination of ones in which the exponents p is a standard function. To see this, note that 
the degree of Pxcw is 


codim X — codim IT = codim(X) — codim 




Z£N 

CZ 


\x 


which is precisely the upper bound appearing in the definition of a standard function. 


Remark 2.14. The elements a ■ Oxgat Px^'^ where p is a standard function are equivalent 
to the standard monomials used by Tavakol in several of his papers (see Remark I2.8|l . Thus 
we see the connection between Tavakol’s work and Li’s Theorem 12.131 


Remark 2.15. Suppose as in Proposition 12.41 that there exists an integer d such that for 
every burrow Z CY (including Z = Y, corresponding to the empty nest), ^(Z) = Q 

and A’(Z) vanishes above this degree. Then it is not hard to prove that two summands (N, p) 
and {N'jfj,') in the decomposition can have a nontrivial pairing into the top degree only if 


N = N' and 


/ 


p(X) + fJ.'{X) > codim(X) — codim 



for all X £ N. It follows from this that the intersection matrices describing the pairing into 
the top degree are block-triangular. This gives another approach to Proposition 12.41 
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